In this work, we consider the Casimir effect due to massless fermionic fields in the presence of long cylinders. More precisely, we consider the interaction between a cylinder parallel to a plate, between two parallel cylinders outside each other, and between a cylinder lying parallelly inside another cylinder. We derive the explicit formulas for the Casimir interaction energies and compute the leading and the next-to-leading order terms of the small separation asymptotic expansions. As expected, the leading order terms coincide with the proximity force approximations. We compare the results of the next-to-leading order terms of different quantum fields, and show that our results support the ansatz of derivative expansions.
I. INTRODUCTION
Casimir effect is one of the most interesting predictions of quantum field theory that has been verified experimentally. In [1] , Casimir proposed that there exists a force between two parallel perfectly conducting plates due to the vacuum fluctuations of the electromagnetic field confined between the plates. The idea of Casimir energy is natural. In quantum theory, the ground state energy of a simple harmonic oscillator is not zero, but is equal to ω/2, where ω is the angular frequency of the associated oscillator. A quantum field can be considered as the superposition of infinitely many simple harmonic oscillators with different frequencies. This led Casimir to define the Casimir energy to be
the sum of the ground state energies of the quantum field. This is an infinite sum that needs regularization. However, without the presence of boundaries or external conditions, the Casimir effect would not be manifested. The Casimir effect is most interesting in the presence of two objects, such as parallel plates. In principle, after subtracting the self energies, there should be some finite amount of energy left, which would create interaction between the two objects. The first experiment that successfully verified the presence of Casimir effect appeared near the end of the 20th century [2] . This has stimulated another surge in the research activities in Casimir effect, especially in conjunction with the development of nanotechnology. Under the same reasoning, the definition of Casimir energy (1) works not only for electromagnetic fields as originally proposed by Casimir, but for any quantum fields. However, for fermionic fields, one should add a minus sign in front of the formula due to the different spin and statistical behavior of fermionic fields. In fact, such definitions of Casimir energies have been used to compute the Casimir effect of two parallel plates, and the Casimir self energies of spheres, cylinders, etc, in the second half of the 20th century. From the point of view of statistical physics, such a definition is natural since the Casimir energy so defined appears as the zero temperature part of the free energy.
Even though there is intensive research in Casimir effect since 1980s, for a long time, it is not clear how to compute the Casimir interaction between two objects, except by using approximations. Around 2006, various groups of researchers simultaneously tackled this problem for some particular geometries using quantum field theory methods such as Green's functions, path integrals, wave expansions, etc, that can be more or less categorized as multiple scattering approach [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] or mode summation approach [17] [18] [19] . The general method for arbitrary objects has been synthesized in [20] for scalar fields and in [21] for electromagnetic fields. Both of these papers approach the problem using multiple scattering formalism. In [22] , we used mode summation approach to interpret the formulas derived in [20, 21] . An advantage of our formalism is that it is not restricted to scalar fields or electromagnetic fields, and it is also not restricted to (3+1)-dimensional Minkowski spacetime. For example, we have used the formalism in [22] to compute the sphere-plate and sphere-sphere Casimir interaction in (D + 1)-dimensional Minkowski spacetime in [23] and [24] .
The studies of Casimir effect of fermionic fields can be dated back to 1980s. Before the end of the 20th century, there are a few works that considered Casimir effect of fermionic fields [25] [26] [27] [28] , but this is a relatively small number compared to the research works in Casimir effect of scalar fields and electromagnetic fields. One of the possible reasons is that ferminoic fields are relatively harder to deal with. Nevetheless, after entering the 21st century, Casimir effect of fermionic fields has started to attract attention and there are a number of works in this area [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , with some applications to carbon nanotubes.
In [49] , we considered the fermionic Casimir interaction between two spheres and derived the small separation asymptotic behaviors. For application to carbon nanotubes, it is natural to consider the cylindrical geometries. In this work, we consider the fermionic Casimir effect between a cylinder and a plate, and between two parallel cylinders. For parallel cylinders, we consider both possible cases: one is where the two cylinders are outside each other, and one is where one cylinder is inside the other. We derive the explicit formulas for the Casimir interaction energies and compute the small separation asymptotic behaviors. The results are compared to the results of other quantum fields. We also use our results to stipulate the ansatz of derivative expansions proposed in [50] .
II. THE CASIMIR INTERACTION ENERGY

A. Plane waves and cylindrical waves
In this work, we consider the Casimir interaction between a cylinder and a plate, and between two cylinders due to the vacuum fluctuations of a massless Dirac field ψ which satisfies the equation
Here ∇ µ = ∂ µ + Γ µ , and Γ µ is the spin connection. On the boundaries of the cylinders or plate, we impose the MIT bag boundary conditions:
To derive the Casimir interaction energy, we use the formalism we developed in [22] . First we need to solve the equation of motion (3) in rectangular and cylindrical coordinates. For cylinders, we align them so that their axes of symmetry are parallel to the z-direction. Then using the cylindrical coordinates
a cylinder of radius R can be described as ρ = R if its axis of symmetry is the z-axis. When considering the cylinder-plate interaction, we will assume that the plate is given by x = L, where L > R, so that the cylinder is parallel to the plate. The plane waves are then parametrized by (k y , k z ). The fermionic waves can be divided into positive energy modes and negative energy modes, as well as regular waves and outgoing waves, each has two families: They can be written as
where
Here
n (z), and
are normalization constants introduced to facilitate the change to imaginary frequencies.
B. The Casimir interaction energy between a cylinder and a plate
Assume that the cylinder has radius R, length H and its axis of symmetry is the z-axis. Let the plate be described
In the region between the cylinder and the plate, the Dirac fields can be represented in two ways: one is in terms of the cylindrical coordinate system centered at O:
and one is in terms of the rectangular coordinate system centered at O ′ :
These two representations are related by translation matrices V and W:
so that
The boundary conditions on the cylinder give a relation of the form
In imaginary frequency,
The boundary conditions on the plate gives a relation of the form
For the translation matrices V and W defined by (12) , using techniques introduced in [22] , we find that
As discussed in [22] , the Casimir interaction energy is then given by
The integral can be computed explicitly to give
C. The Casimir interaction energy between two cylinders Consider two cylinders of length H and radii R A and R B respectively. The axis of symmetry of the cylinders are given respectively by x = y = 0 and x = L, y = 0, both parallel to the z axis.
We consider two scenarios:
I. The two cylinders are outside each other. In this case, L > R A + R B and d = L − R A − R B is the distance between the two cylinders.
II. The cylinder of radius R A is inside the cylinder of radius R B . In this case, L < R B − R A and d = R B − R A − L is the distance between the two cylinders.
In the region between the two cylinders, the Dirac fields can be represented in two ways: one is in terms of the cylindrical coordinate system centered at O:
and one is in terms of the cylindrical coordinate system centered at O ′ :
The two representations are related by translation matrices. In case that the two cylinders are outside each other,
In case one cylinder is inside the other,
Using the method in [22] , one finds that
As in the case of electromagnetic fields, we find that the translation matrices are all equal to a scalar times the identity matrix. When the two cylinders are outside each other, solving the boundary conditions on the two cylinders give the T (±) mkz matrix as in (15) . The Casimir interaction energy is given by
with
When the cylinder with radius R A is inside the cylinder with radius R B , the boundary condition on the cylinder with radius R A still give the same T (±) nkz as given by (15) . However, the boundary conditions on the cylinder with radius R B gives
with A given by (16) . The Casimir interaction energy is then given by the same expression (29) but with
III. SMALL SEPARATION ASYMPTOTIC BEHAVIOR
Casimir effect will be most significant when the separation between the objects is small. However, the computation of the small separation asymptotics of the Casimir interaction energy is often a tedious problem. Nonetheless, a systematic method has been developed in a series of papers [10, 11, 23, 24, [51] [52] [53] [54] [55] [56] [57] [58] . Making the substitution k z = u cos α, κ = u sin α in (21) and (29), we find that
Expanding the logarithm and trace, we have
Here the trace tr is the trace over 2 × 2 matrices. In the following, we are going to discuss the different cases separately.
A. The cylinder-plate case
In the cylinder-plate case, let
Then the main contribution to the Casimir interaction energy comes from
. Using the Debye asymptotic expansions of modified Bessel functions:
one can check that the term B i has order ε, and hence would not contribute to the small separation asymptotic expansion up to the next-to-leading order term. Hence,
This is independent of α and +, −. Moreover, ignoring terms with order higher than ε, M
−mi,−mi+1 . Hence, after replacing summation by corresponding integrations,
Now
Using the Debye asymptotic expansions, one can find the asymptotic expansions for
separately, up to terms of order ε. These give an expansion of the form
where A i,1 and A i,2 are respectively terms of order √ ε and ε. A i,1 is an odd function in n i and n i+1 and hence integrating it over an even function of n i gives 0. As a result, the next-to-leading order term in the small separation asymptotic expansion of the Casimir interaction energy is of order ε smaller than the leading order term. We have
The integration over n i are standard Gaussian integrations and the integration over m and τ can also be performed explicitly. We find that
One can easily check that the leading term
coincides with the proximity force approximation. The corresponding results for Dirichlet (D), Neumann (N) and perfectly conducting (C) boundary conditions have been obtained in [10] :
B. The case of two cylinders outside each other
In the case that two parallel cylinders of radii R A and R B are outside each other, let
Let
As before, m has order ε −1 , n i and q i has order ε
In the same way, we find that the B i and C i terms would not contribute to the leading and next-to-leading order terms of the Casimir interaction energy.
Hence,
Using the Debye asymptotic expansions (37) again, we can find the small ε expansions for
(bω) and
(aω)
up to terms of order ε. These give
After the Gaussian integration over q i , we have
As before, integrations over n i , m and τ give
The leading term
also coincides with the proximity force approximation.
The corresponding results for Dirichlet, Neumann and perfectly conducting boundary conditions were obtained in [56] . They are given by
Notice that for all different boundary conditions, the ratio of the next-to-leading order term to the leading order term contains the universal terms
C. The case of one cylinder inside another
In the case that the cylinder of radius R A is inside the cylinder of radius R B , let
Then as in the case of two cylinders outside each other, we find that
In the same way, we have
As computed in [56] , the corresponding results for Dirichlet, Neumann and perfectly conducting boundary conditions are given by
Again, we notice that for all different boundary conditions, the ratio of the next-to-leading order term to the leading order term contains the universal terms 
IV. DISCUSSIONS
In the previous section, we have seen that the leading order terms of the Casimir interaction energies are indeed equal to those derived using proximity force approximation. The asymptotic expansion of the Casimir interaction energy up to the next-to-leading order term has been a subject of much interest. In [59] [60] [61] , Fosco et al performed derivative expansion to the path integral representation of the Casimir energy and obtained an integral expression for the expansion of the Casimir energy up to the next-to-leading order which is not completely convergent. However, it is good enough for computing the next-to-leading order term. Their method works successfully for scalar field but only partially for electromagnetic field. No results have been derived so far for fermionic fields.
Inspired by the work [59] , Bimonte et al proposed in [50] that the Casimir interaction energy has a derivative expansion of the form Therefore, the ansatz (61) 
Hence, (65) gives
One can check immediately that our new result (55) satisfies (70) with β F given by (68). A similar computation for two spheres also shows that our results in [49] satisfies (65) with β F given by (68).
